We compute the conformal anomalies of boundary CFTs for scalar and fermionic fields propagating in AdS spacetime at one-loop. The coefficients are quantised, with values related to the mass-spectra for Kaluza-Klein compactifications of Supergravity on AdS 5 × S 5 and AdS 7 × S 4 . Our approach interprets the boundary partition function of fields propagating on AdS spacetime in terms of wave-functionals that satisfy the functional Schrödinger equation.
Introduction
Given the current interest in Supergravity in an Anti de Sitter background it would seem useful to develop techniques for studying quantum field theory beyond tree-level in such a spacetime. In this paper we will consider the simplest one-loop quantity, namely the conformal anomaly of the boundary theory. The central object of study in the AdS/CFT correspondence, [1] is a functional integral for a quantum field theory in Anti de Sitter space expressed in terms of the boundary values of the field. Whilst this can be treated by the usual semiclassical expansion it may also be interpreted as the large time limit of the Schrödinger functional of the quantum field theory and so satisfies a functional Schrödinger equation. We will show how to obtain this large time behaviour from a short time expansion using analyticity. We will illustrate our method by reproducing the known two-point functions of the CFT for free scalar and fermionic fields in AdS and then derive the one-loop contribution to the conformal anomalies for these theories. Our approach also yields a straightforward calculation of the tree-level contribution to the conformal anomaly for the pure gravity sector.
Following [2] we consider the Euclidean version of AdS d+1 with co-ordinates {x µ } ≡ {t, x 1 , .., x d } and metric
We will think of t, which is restricted to the range t > 0, as Euclidean time. The boundary, ∂M, consists of R d at t = 0 conformally compactified to a sphere by adding a point corresponding to t = ∞ where the metric vanishes. For illustration consider a scalar field theory propagating on this space-time. We study the functional integral
where Dφ is the volume element induced by the reparametrization invariant inner product on variations of φ, ||δφ|| 2 = dt dx δφ 2 /t d+1 . We will need to regulate this by restricting t to the range τ > t > τ ′ , so define
Since the point corresponding to t = ∞ is part of ∂M we setφ = lim |x|→∞ ϕ(x) as we take the limit of large τ and small τ ′ to recover Z. This is usually described as a partition function, but it may also be interpreted in terms of the wave-functionals that represent states in the Schrödinger representation. First change variables from t, φ tō t = ln t,φ = φ/t d/2 so that the volume element and kinetic term become the usual ones associated with the canonical quantization ofφ. Thus Z[ϕ] is the τ ′ → 0, τ → ∞ limit of
wherē
andφ f ,φ i are the value ofφ on the surfacest =t 1 = ln τ andt =t 2 = ln τ ′ respectively. NowZ[φ f ,φ i ] can be interpreted as the Schrödinger functional, i.e. the matrix element of the time evolution operator between eigenstates of the field operator,
which satisfies the functional Schrödinger equation
with the initial condition that it tends to a the delta-functional δ[φ f −φ i ] ast 1 approaches t 2 . We can re-write this in terms of the boundary values of our original variables t, φ, i.e. τ andφ
where Ω = τ 1−d , Ω ′ = Ω/τ 2 . E arises from the action of the Laplacian on S b , formally
Clearly the coincident functional derivatives stand in need of regularization, which introduces a short-distance cut-off. By extending the flat-space arguments of Symanzik [3] we would expect that for a renormalizable field theory wave-function renormalization and an appropriate choice of the dependence of V on the cut-off would ensure the finiteness of the solution to (8) in the limit that the cut-off is removed. Since this can involve the use of counter-terms associated with the boundaries we would expect that the renormalization constants may depend on τ and τ ′ . However in many applications the tree-level solution is sufficent for which these considerations are unnecessary. We will see later that E contributes to the conformal anomaly. A similar argument yields the Schrödinger equation that gives the τ ′ dependence
In [4] - [7] a general approach to solving the functional Schrödinger equation was developed. Consider the logarithm of
In perturbation theory this is a sum of connected Feynman diagrams. In Quantum Mechanics we might try to solve the Schrödinger equation by expanding in a suitable basis of functions. An analogous construction is to expand in terms of local functionals, i.e. a derivative expansion. Now W τ,τ ′ [φ, ϕ] is non-local, but it will reduce to the integral of an infinite sum of local terms when it is evaluated for fields that vary slowly on the scale of τ . Each term will depend on a finite power of the field and its derivatives at a single point, x, on the quantization surfaces t = τ, t = τ ′ . Although this expansion is appropriate for slowly varying fields the functional for arbitrarily varying fields can be reconstructed from it because the functional evaluated for scaled fieldsφ(x/ √ ρ) and ϕ(x/ √ ρ) can be analytically continued to the complex ρ-plane with the negative real axis removed. Thus Cauchy's theorem will allow us to relate rapidly varying fields (small ρ) to slowly varying ones (large ρ), and from this we can use the behaviour for small τ to obtain that for large τ , which is what is needed in the AdS/CFT correspondence. Similar considerations enable the Schrödinger equation, which because it has an ultra-violet cut off involves rapidly varying fields, to be turned into an equation acting directly on the local expansion, determining the coefficients of that expansion from a set of algebraic equations. (In flat space these equations can be solved perturbatively where they yield the usual results for short-distance effects in scalar field theory [5] and for the beta-function in Yang-Mills theory [7] .) In the next section we prove the analyticity property that we will need to relate short and large time behaviour. We apply this to the example of the scalar field in section 3, reproducing the known scaling property of the two-point function in the CFT, and in section 4 we compute the one-loop conformal anomaly for this d-dimensional boundary theory, showing that it vanishes unless (d/2) 2 + m 2 is a positive integer, where m is the mass in the AdS Lagrangian. For d = 2 this integer is the value of the central charge of the Virasoro algebra. The free fermion is discussed in section 5 where we show that the chiral projection that is known to occur in this theory is related to the reducibility of the Floreanini-Jackiw representation of fermionic fields. We also compute the conformal anomaly at one-loop for fermions and find that similarly to the scalar case, it vanishes unless |m| + 1/2 is an integer. For d = 2 this integer is again the value of the central charge of the Virasoro algebra. For d = 4 these values of the masses correspond to the scalar and fermion mass spectra in the Kaluza-Klein compactification of Supergravity on AdS 5 × S 5 , and for d = 6 they correspond to the mass spectra for compactification on AdS 7 × S 4 . Finally, in section 6 we discuss pure gravity, for which our formalism yields a simple calculation of the conformal anomaly.
Analyticity of Schrödinger functional
To show analyticity of Ψ τ,τ ′ [φ, ϕ] we generalize to curved space the arguments of [4] - [7] . We first make the dependence onφ, ϕ explicit by modifying a standard phase-space derivation of the functional integral representation of the Schrödinger functional. By the usual argument we can write
where Π is the eigenvalue of the canonical momentum conjugate toφ, δt j =t j −t j−1 and φ n+1 =φ f andφ 0 =φ i .φ f appears in this expression only in the iΠ n+1φn+1 term in the exponent, whereasφ i appears in −iΠ 1φ0 , and terms proportional to δt 1 , which can be neglected as δt 1 → 0. So the contribution ofφ i andφ f to (11) can be manifested by adding to the exponent i dx (Π n+1φf − Π 1φi ) and takingφ n+1 =φ 0 = 0. Thusφ i and φ f appear as sources coupled to˙φ when we integrate out the momenta, Π j , so that we arrive at the functional integral
where the boundary condition onφ is now that it should vanish att =t 1 ,t 2 . Λ is a regularization of 1/ǫ which cancels certain divergences that arise in the evaluation of (12) whose origin is explained in [4] . If we now interchange the rôles oft and x 1 , and think of x 1 as Euclidean time andt, x 2 , ..x d as spatial co-ordinates then we can give an alternative interpretation of the functional integral (ignoring the Λ factor for the time being) as the vacuum expectation value
where | O r is the vacuum for the Hamiltonian,Ĥ r , associated with the quantization surfaces of constant x 1 andt 2 <t <t 1 . Unlike the previous Hamiltonian which depended ont, this operator is independent of its associated 'time', x 1 . ϕ i is a compact notation for the sources, so that
Expanding (13) in powers of the sources and usingĤ r to generate the x 1 -dependence of the operatorsR i gives
We have taken the eigen-value ofĤ r belonging to | O r to be zero. Fourier transforming the x 1 -dependence of the sources as ϕ i (x 1 ) = dkφ i (k) exp(−ikx 1 ) enables the x 1 integrals to be done yielding
Suppose that we had computed the Schrödinger functional for new sources obtained by scaling
, with ρ real and positive. Then we would have obtained the same expression as (16) but multiplied by √ ρ and with theĤ r in the denominators replaced by √ ρĤ r . We took ρ to be real and positive, but we can use this expression to continue to the complex ρ-plane. Since the eigenvalues ofĤ r are real we conclude that the result is analytic in the whole plane with the negative real axis removed. This assumes that we work to finite order in the sources, and that the spectral decomposition of (16) as a sum over eigen-values ofĤ r converges, as we should expect if the Schrödinger functional is finite. The terms in Λ in (12) do not affect this conclusion. By repeating the argument with x 1 interchanged with each of the other co-ordinates in turn we conclude that for ϕ
are (to any finite order in the sources) analytic in ρ in the plane cut along the negative real axis. Since x → x/ √ ρ, t → t/ √ ρ is an isometry of (1) it follows that
and we see that analyticity in ρ corresponds to the analyticity in time associated with Wick rotation. Subject to the caveat that we work to finite order in the sources the logarithm
, is just a sum of products of terms appearing in (16) so it too is analytic in the cut ρ-plane when it is evaluated for the scaled sources.
We can use (16) to justify a local expansion for W τ,τ ′ [φ, ϕ] with a non-zero radius of convergence. SinceĤ r is the Hamiltonian for a field theory on a finite 'spatial' interval such thatφ vanishes at the ends there is a mass-gap of the order of 1/τ for small τ . When the momenta k j are sufficently small on the scale of this mass-gap we can expand the denominators in the spectral decomposition of (16) in integer powers of k, except for the contribution of the vacuum, which is of the form 1/ k. The singular behaviour as k → 0 must disappear when we take the logarithm to ensure cluster decomposition. We conclude that any term of finite order in the sources in W τ,τ ′ [φ, ϕ] has a local expansion for ϕ, ϕ that vary sufficently slowly with x. This will take the form 
.. The powers of ρ are d/2 + integer so we conclude that the cut on the negative real axis in
runs only a finite distance from the origin. We will now exploit the analyticity to obtain the logarithm of the partition function log Z[ϕ] = lim τ →∞,τ ′ →0 W τ,τ ′ [0, ϕ] from the small τ behaviour, which is computable from a power series solution of the Schrödinger equation. (We takeφ = lim x→∞ ϕ = 0.) For simplicity we assume continuity in τ ′ at the origin, and consider
In general there will need to be some τ -dependent renormalization in order that the limit as τ → ∞ exists, including wave-function renormalization, ϕ ren = z(τ )ϕ, this will be the case even for free 'massive' fields at tree-level. Given that ϕ is a scalar the isometry x µ → λx µ implies that the functional takes the form
where the dots stand for terms of higher order in the fields of which the general term is of the form
At short times, or equivalently, for slowly varying fields, we have the local expansions
with b n , c n , f n constants. Renormalizability would imply that
is finite as τ → ∞. Suppose that for large τ the renormalization constant depends on τ as z(τ ) ∼ τ 2q then finiteness of the limit of (21) requires that for large τ ,
υ, and our problem is to calculate υ and q. The general term in (19) 
., ∇ n+m ) and we need to calculate F m,n . Now our previous arguments imply that Υ(1/ρ) is analytic in the complex plane with a finite cut extending from the origin along the negative real axis so we can evaluate the following integral
in two ways. We take C to be a circle centred on the origin and large enough for us to be able to use the local expansions (20) to give
The integral may also be evaluated by collapsing the contour C onto the cut. Let this consist of a small circle about the origin, of radius η, and two lines close to the negative real axis running from the circle to the end of the cut. The contribution from the latter is suppressed if the real part of λ is large and positive. That from the circle is controlled by the large time behaviour
and for large λ this is λ d/2+q /Γ(d + 2q + 1). So, as the real part of λ tends to +∞ we obtain
enabling us to compute υ and q from a knowledge of the local expansion alone. Now for positive real λ, ∞ n=0 f n λ n is an alternating series with finite radius of convergence. By comparing terms with those of exp(−constantλ) it follows that this converges for all λ and so we can take λ large, even though this series is in positive powers of λ. Furthermore, as we shall see in some examples below, we obtain a good approximation to the large λ limit by truncating the series at some order, and then taking λ as large as is consistent with the truncation, i.e. so that the term of highest order in λ is a small fraction of the sum. This generalizes in an obvious way to the other terms in (18).
Example: free scalar field
As an example consider the free massless theory so V = 0 in (2); the action is
with Ω = 1/t d−1 . For this Gaussian functional integral only those terms shown explicitly in (18) are present. Substituting this into the Schrödinger equation (8) yields
These, together with the initial condition, lead to the recursive solution of the coefficients of the local expansions (20)
If we were to take d to be an even positive integer the relations for the f n would break down, thus keeping d variable regulates the solution for f n . Note that there is no need to solve these relations further as they are ideally suited to numerical evaluation of the coefficients.
To illustrate the calculation of υ and q take the example of d = 3. Our discussion will involve numerical computations. Although the rest of this paper is concerned with analytic results the numerical work of this section highlights the use of the derivative expansions and is readily generalisable to interacting theories [5] . From (25) we have that for large λ,Ĩ(λ) ≡ d(log(I(λ))/d(log(λ)) →d/2 + q. Truncating the infinite series to its first N terms, S N (λ), gives an approximation to this. In Figure 1 we have showñ S N ≡ d(log(S N (λ))/d(log(λ)) for N = 50 and N = 49. The two curves rapidly settle down to a value of approximately 1.5 for λ > 50 but separate noticeably at λ ≈ 300 above which the truncated series cease to be good approximations to I(λ). We estimate d/2 + q by taking λ = 290 where the separation between the two curves is about 0.5 × 10 −6 , which is much less than the error E obtained by approximating the limiting value ofĨ by its value for finite λ. This gives d/2 + q ≈S 50 (290) = 1.500017. The error is obtained by studying how I(λ)/λ d/2+q settles down to a constant value. For small λ the approach to a constant value is controlled by exponential terms that originate from the suppression of the contribution of the cut, but for larger λ the error is dominated by power corrections to the small ρ behaviour of Υ(1/ρ). A plot of (S 50 (λ)/λ 1.5 − S 50 (290)/290 1.5 )λ 2.6 reveals oscillations of roughly equal amplitude approximately equal to 12, so that the error in approximating the λ → ∞ value of I(λ)/λ d/2+q is of order 12/λ 2.6 leading to an estimate of the error E = ±2 × 10 −5 . So we conclude that q = 0 to the accuracy of our calculations. Having obtained q we can estimate υ from the λ = 290 value of S 50 Γ(2.5)/λ The results are consistent with q = 0, which is the exact result of [2] . By calculating a few values of υ we guessed that its dependence on p is given by
and we test this by plotting in Fig 3 our numerical estimates of υ divided by the right hand side of (29) for the same range of d as before. From this, and q = 0 we conclude that the ϕ-dependence of the AdS partition function is given by
This is a non-local expression, even when d is an even integer, thanks to the singularity that then appears inυ, sincẽ
so that
as in [2] . The calculation of a in (27) requires the introduction of a regulator into the functional Laplacian of (8). We will do this with a cut-off on the eigenvalues, k 2 of −∇ 2 , restricting them to be less than 1/(τ 2 s) where s is the square of a fixed proper distance. Thus we replace δ d (x) in (27) by
where θ is the step-function, giving
The continuum limit corresponds to taking s to zero. Unfortunately when we substitute our local expansion (20) and (28) into this we obtain a series that will converge only for large values of s
where V d /d is the volume of the unit ball in d-dimensions. However our previous arguments imply that a(s) is an analytic function of s in the complex s-plane cut along the negative real axis, so that if a(s) ∼ a 0 /s ν for small s then for large λ 1 2πi Numerical investigation of this suggests that ν = d + 1. The ultraviolet divergence of a can be cancelled by renormalizing the cosmological constant.
The effect of adding a mass term to the action, V (φ) = m 2 φ 2 can be understood quite simply by a change of variables back to the massless action. If we set φ = t −r ψ in the action
it becomes
so that if we take r(r + d) = m 2 we are left with a boundary term plus the massless action (26) with Ω = 1/t d+2r−1 ≡ 1/t p , (The inner product on variations of ψ, from which we can construct the functional integral volume element Dψ, is ||δψ|| 2 = dt dx δψ 2 /t p+2 .) Consequently if we express W τ,0 [φ, ϕ] in terms of ψ it takes the form corresponding to (18) 
where, as before Γ, Ξ and Υ have the local/short-time expansions (20) with solutions (28) leading to
A non-trivial limit occurs for positive p + 1, which means that r is the positive root of
since d + p + 1 = 2(d + r), agreeing with [2] . Taking this limit required wave-function renormalization of ϕ with z(τ ) = τ r .
Having obtained Ψ τ,0 [φ, ϕ] we can find Ψ τ,τ ′ [φ, ϕ] using the self-reproducing property of the Schrödinger functional,
If we denote the logarithm of
then computing the Gaussian integral leads to
So, in terms of Γ, Ξ and Υ
Conformal Anomaly for Scalar Fields
So far we have worked with a boundary sphere in which the curvature is effectively placed at spatial infinity. To discuss the conformal anomaly it will be more convenient to smooth this out, so instead of the metric (1) we will now use
with i, j = 1..d. We take g ij to be the metric of a d-dimensional sphere of large radius, r, obtained, for example, by stereographic projection onto the plane parametrized by x. The conformal anomaly measures the response of the free energy, which is the field independent part of log Z, to a Weyl transformation of g ij . We wish to compute this as r → ∞ when we recover the AdS metric (1) . When the boundary is a two-dimensional sphere the free energy should change by d 2 x √ gR cδρ/(48π) = cδρ/6 when δg ij = g ij δρ where R is the curvature of the boundary and c the central charge of the Virasoro algebra.
More generally there will be a conformal anomaly when the boundary has an even number of dimensions, 2N say. We will continue to keep d a continuous variable allowing it to tend to 2N at the end of our calculations. Now log
in the presence of the curved metric g ij , which we can still do using our previous technique. Since r → ∞ it will be sufficent to find the free energy from a derivative expansion. In this section we consider the scalar field. We will discuss a free massive theory, because at one-loop the calculation is the same as for an interacting scalar theory. The Schrödinger equation takes the same form as before, (8) , provided that Ω and Ω ′ acquire a factor of √ det g and that ∇ is the covariant derivative constructed from g ij , and the solution is again of the form (18), but with a no longer constant, but depending on g ij and τ . If we set g ij = δ ij + h ij (x), and treat h ij as a source in the same way that we treated ϕ andφ as sources, we can generalize our earlier discussion to argue that
is analytic in the cut ρ-plane, where g ρ ij (x) = g ij (x/ √ ρ). Again, this allows us to reconstruct the large τ solution of the Schrödinger equation from the small τ solution for which we have the local expansion (20) . By using g ij the Schrödinger functional can be made invariant under reparametrizations of the space-like variables, giving
which firstly shows that the functional evaluated for the scaled fields is the same as the Weyl transformed functional, and secondly that this transformation can be absorbed into a rescaling of τ and τ ′ . This implies that W τ,τ ′ [φ, ϕ] is analytic in the complex τ -plane cut along the negative real axis. In particular, since the part that is quadratic inφ is
is analytic in the cut ρ-plane. This allows us to express Γ(−τ 2 /∇ 2 ) for arbitrary τ in terms of the local expansion (20)
since the large contour, C, on which we can use the local expansion, (20) , can be collapsed to a contribution from the cut, which is suppressed for large positive λ and the pole at ρ = 1 which gives us the left hand side. Expanding the denominators in powers of 1/ρ gives, for example
The free energy is the τ → ∞,
A Weyl scaling of g ij can be compensated by scaling τ , and τ ′ so when δg ij = g ij δρ the change in F is
F satisfies equations similar to regulated versions of (27) (even if we include interactions), that follow from the Schrödinger equations (8) and (10). If we use the same regulator as before, cutting off the large eigenvalues of ∇ 2 , then
and
If we represent the step function by
with C ′ a contour running just below the real axis, and if f is some function of −∇ 2 then
At coincident argument H has the small z expansion in powers of derivatives of g ij
The a n (x) are scalars made out of the metric and its derivatives at x, and a 0 (x) = 1. They depend on the radius of the sphere as a n ∼ r −2n . Thus we can express (55) as
Only a finite number of the a m survive as r → ∞. For the case of a two-dimensional boundary these are just a 0 = 1 and a 1 = iR/6, and the conformal anomaly is proportional to a 1 . When the boundary has 2N dimensions the conformal anomaly is proportional to a N . If we assume that f has a series expansion, f (x) = f n x n then we can compute the relevant integral in (58) as
where we have taken N < d/2. If f has a finite limit,f lim , as d ↓ 2N then, for d close to 2N this becomes
which tends to f lim (0) as d ↓ 2N. Putting all this together we obtain the conformal anomaly as the large τ small τ ′ limit of
From the series expansions (28) we see thatΓ = b 0 = −(p + 1) and for generic values of p we haveΥ = 0. The order of the limits is important since when p approaches an odd integer as d ↓ 2N the coefficient f N diverges so that for ξ = 0 there is a suppression
we have that when √ N 2 + m 2 is an integer,Ñ , the conformal anomaly is
otherwise it vanishes. In particular for d = 2 we have that the central charge of the Virasoro algebra, c, equalsÑ when m = Ñ2 − 1 and vanishes otherwise. For d = 4
or zero, where
Our conventions for the curvature tensors are as in [12] , i.e. R 
Example: free fermion field
Another example is given by a free fermion theory. In order to describe this, it will be necessary to discuss some subtleties arising from the representation of fermion fields.
Wave functionals will be taken to be overlaps u, u † |Ψ with a field state u, u † |, upon which fermion operators act as follows. We diagonalize half of the components of the fermion fields
where
(1 ± Q) are for the moment arbitrary projection operators. The other half are represented by functional differentiation
We can make the dependence of the field state on the Grassmann-valued source fields explicit by writing
where Q| is defined by
Thus the choice of Q corresponds to a choice of Dirac sea, though not a physical Dirac sea; these constraints are merely artifacts of our choice of representation. On the other hand this choice should not be considered completely arbitrary; since the field-states parametrized by Q| are non-physical, we must be careful that their overlaps with physical states are well-defined and non-vanishing. Also, we may wish to include gauge interactions; if we want wave-functionals to be invariant under local gauge transformations, we find that we must choose Q to be a local, field independent operator. In particular,so we need to find the overlap u, u
If φ and φ † are integrated over freely then we can shift them by solutions to the classical equations of motion. Choosing these solutions to satisfy the boundary conditions corresponding to (66)
causes the action to separate into a piece depending only on the integration variables and a piece depending only on the classical solution. Our boundary term S B is thus determined by the conditions (66). Note that the classical action does not vanish, and there is therefore no need to add any additional boundary term with undetermined coefficients, as in [15] .
(Other authors have discussed boundary terms for fermions [16]-[17]). The Schrödinger equation is
Now the logarithm of the partition function is obtained as lim
may be expanded in analogy with (18) as
Substituting (87) into (85) gives
where the initial conditions are read off from (78). We will find that Ξ(0) and Π(0) diverge as a result of the ill-defined nature of lim τ →0 τ 0 m t dt, but that lim τ →τ ′ Ψ τ,τ ′ is well-defined and given by (78) for all τ ′ = 0. As may be verified by direct substitution, the equation for Γ is solved by
with Σ satisfying the Dirac equationΣ + hΣ = 0. Making the ansatz
leads (for the specific choice Q = γ 0 ) to the recurrence relation a n = a n−1 n+m(1− (−1) n ) . The boundary condition is satisfied if a 0 = 1 and m ≥ 0, and we can explicitly sum the series in terms of Bessel functions. In momentum space
Here P = iγ 0 γ·p |p| ; the operators 1 2
(1 ± P ) project onto +ve/-ve eigenvalues of the massless flat-space hamiltonian γ 0 γ i ∂ i . Substituting back into (89) we find that
Next, as may again be verified by substitution, the equation for Π has the solution
which gives the expected divergent behaviour at τ = 0. Now consider the equation for Ξ. We can rewrite Γ in the following way:
which satisfiesΣ −Σh = 0. This enables us to find the solution
Finally, to solve the equation for Υ we put Υ = ΠRΞ+Q where R satisfies {R, Q} = 0. Substituting into (88) gives
Now defineÕ,Ẽ such that O →Õ, E →Ẽ as m → −m. The correponding expansion coefficientsã n are divergent as m − 1/2 approaches an integer, so we keep m variable, allowing it to approach such values within convergent expressions. This plays a similar rôle to keeping d variable in the scalar case. The necessity for such regularisation is due to our working in momentum space, rather than configuration space. Using the identity EẼ − OÕ = 1, we find that R = −
2Õ
E, so that
and hence
From this we can check that as τ → τ ′ = 0 the Schrödinger functional Ψ τ,τ ′ reduces to u, u † |v, v † as it should. We can calculate the conformal anomaly in the same way as before. Working with the metric (47) the Schrödinger equation is unchanged, except that derivatives become covariant with respect to g and the Hamiltonian density aquires a factor of √ g. We need to introduce a UV regulator, which we would like to write in terms of a heat-kernel expansion, so it is convenient to re-express everything in terms of positive definite operators. Hence, for example, we rewrite the solution (92) as
for some appropriate coefficients d n . We have defined D ≡ γ 0 γ i ∇ i . As before, a Weyl transformation may be implemented by scaling τ , so when δg ij = g ij δρ the free energy changes by
The Schrödinger equations yield equations for F corresponding to regulated versions of (88)
Representing the step function by (54), we have
and has the small z expansion
Thus a general function g(D 2 ) satisfies
where only terms up to n = N contribute when d = 2N. The conformal anomaly is again proportional toã N ; in the limit τ → ∞, τ ′ → 0 the other terms arising from (107) and (108) either vanish or reproduce ultraviolet divergences associated with the renormalization of the cosmological constant etc. Using the same argument as in the scalar case, the term proportional toã N is
For generic values of the mass m the conformal anomaly can be computed from expansions of Γ τ,τ ′ and Υ τ,τ ′ in powers of D. These expansions both begin with terms of order D.
Using these in (107) and (108) gives vanishing contributions to the anomaly. There are also contributions from trhQ which cancel between (107) and (108). So for generic values of the mass the conformal anomaly is zero. But due to the divergent nature of Υ τ,0 as 2|m| → 2Ñ − 1 for any positive integerÑ , we have Υ τ,τ ′ → −4Γ
, and this has a leading order term proportional to 1/D which combines with the D in h to give a finite contribution as ξ → 0. We conclude that the conformal anomaly is zero unless 2|m| is an odd integer 2Ñ − 1. For a four-dimensional boundary these are precisely the values appearing in the mass spectrum of Supergravity compactified on AdS 5 × S 5 [19] , and for a six-dimensional boundary they coincide with the mass spectrum of Supergravity compactified on AdS 7 × S 4 [20] . In this case we have
For d = 2 and r → ∞ the anomaly is proportional toã 1 = −iR 1/12, so for a fermion with σ spinor components,
from which we identify the central charge asÑ.
where trã 2 = σ 720
6 Gravitational Sector
The tree-level conformal anomaly of pure gravity has been calculated for AdS 3 using the Chern-Simons formulation, [8] - [9] . In higher dimensions it has been computed by solving the Einstein equations perturbatively in terms of boundary data, [10] . We will now show how our Schrödinger functional technique reproduces these results in a simple fashion. Our method employs a somewhat different regularization procedure, and so it is important to show that it is consistent with earlier calculations. The main difference is that authors of [10] effectively compute the classical free energy of the gravitational sector by finding W τ,τ ′ for τ = ∞ and τ ′ a small regulator, whereas we take τ ′ = 0 and treat τ as a large regulator. (Since we will work at tree-level it is not necessary to keep τ ′ non-zero as we did in the earlier computations of one-loop anomalies).
Formally we need to compute the Euclidean functional integral that represents a state of pure gravity, with Einstein-Hilbert action and cosmological constant Λ < 0,
where we should integrate over all metrics G µν of a d + 1 dimensional manifold which induce the metric g rs on the boundary. This is ill-defined for a variety of reasons, such as non-renormalizability and unboundedness of the action, which we ignore in the hope that these pathologies are absent from the more fundamental theory of which this is only a part. The integral over all metrics includes reparametrizations which can be factored out using the Faddeev-Popov method. The standard ADM decomposition of the metric is
with G ij the inverse of the d × d matrix G ij . We will fix the gauge by choosing
with t = x 0 . The dynamical variables are just the h ij , and we take the boundary to be at t = τ = 0, where h ij = 0. The gauge conditions should be accompanied by the introduction of ghosts, but these will not contribute to the tree-level conformal anomaly. Expanding the action in powers of h ij , and taking
where the boundary terms are chosen to make the action quadratic in first derivatives of h ij , and the dots denote terms of higher order in h ij . Indices are raised and lowered with g ij . R(g) is the d-dimensional curvature calculated by taking g ij as metric and √ g(R(g) + h ijG ij + h ij 2 ijkl h kl are the first three terms in the expansion of det(g + h) R(g + h), so that 2 is a second order differential operator. The terms of higher order in h each contain one or two derivatives. As in section (1) the state Z[g ij ] is the τ → ∞ limit of the Schrödinger functional. The the tree-level contribution to log Z[g rs ] is thus the τ → ∞ limit of minus the action evaluated on shell for a manifold with boundaries at t = 0, where the induced metric is g ij , and t = τ where it is g ij + h ij . If we denote this as W tree τ,0 [g ij + h ij , g ij ] then it satisfies the Hamilton-Jacobi equation, (which is the tree-level Schrödinger equation). This is simply the statement that W tree τ +δτ,0 can be obtained from W tree τ,0 by allowing the fields to propagate according to the equations of motion from τ to τ + δτ , i.e.
where L is the Lagrangian in (121). Using
this leads to
and the initial condition is that exp
When the curvature tensors constructed from g ij are small, and h ij is slowly varying we can expand W tree in powers of h and its derivatives as
Apart from a constant term in Γ 0 , only the first term on the right has no derivatives of either h ij or g ij , and so provides the dominant behaviour as τ → 0, satisfying the initial condition (provided h i i is suitably treated, [11] ). Substituting into (124) and equating powers of h ij gives − ∂ ∂τ
The free energy is the infinite τ limit of the h ij independent part of (126), i.e. F [τ,
, and, as before, a Weyl scaling of the metric can be compensated by a scaling of τ , so for δg ij = δρ g ij the change in F is given by (127)
Up to terms involving two derivatives, we have from (124)
Solving this for Γ 1 and substituting into (128) gives the variation as an expansion in powers of τ times the curvatures constructed from g ij . We want to work at finite τ , so our expansion will be valid when we take the curvatures to zero. Now for d = 2 we have identicallyG ij = 0, so Γ 1 = 0 and to the order we need (128) reduces to
from which we can identify the central charge as c = 24πL, or, since we have chosen units such that the three-dimensional gravitational constant satisfies 16πG Newton = 1, we have c = 3L/(2G Newton ) as in [8] .
For d = 4 we obtain Γ 1 to the desired order from (129) as Γ 1 = −Lτ 2Gij /2, so if we substitute into (127) we have
The first two terms represent divergences that should be cancelled by counter-terms, the last piece is the finite Weyl anomaly. If we reinstate the five-dimensional Newton constant this becomes
which agrees with [10] .
Conclusions
We have interpreted the partition function for fields in Euclideanised anti de Sitter spacetime as a limit of the Schrödinger functional. This allows canonical methods to be used, in contrast to the usual approach based on Green's functions. The former have the advantage of separating out the time-dependence, and as a consequence we have been able to compute one-loop effects in the AdS theory by solving the functional Schrödinger equation, (as well as reproducing known tree-level results such as the scaling of two-point functions and the gravitational conformal anomaly). Although we have only studied the simplest one-loop quantity, namely the anomalous scaling of the free energy for scalar and fermionic theories, these canonical methods can be expected to apply to more complicated objects such as n-point functions, as they do in flat space [5] - [7] . Our computation of the one-loop conformal anomalies for scalar and fermionic theories shows that for generic values of the 'mass' the anomalies vanish, but for special values the anomalies have integer coefficients. For example, when the boundary of the AdS spacetime is two-dimensional the Virasoro central charges are positive integers,Ñ, when the mass of the scalar field is Ñ2 − 1 and when the mass of the fermion isÑ − 1/2. This implies that for generic values of the mass, the boundary CFTs for the scalar or fermi fields alone are non-unitary, since in a unitary theory a vanishing central charge implies an absence of quasi-primaries. When the boundary is four dimensional the conditions on the scalar and fermion masses for the conformal anomaly to be non-zero coincide with the mass spectra resulting from Kaluza-Klein compactification of Supergravity on AdS 5 × S 5 , and when it is six dimensional they coincide with the mass spectra resulting from KaluzaKlein compactification of Supergravity on AdS 7 × S 4 . We expect that the same is true for the other fields in the Supergravity theory, and this would make the one-loop corrections to the tree-level calculation of [10] that checks the Maldacena conjecture an intriguing prospect.
